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PLANE PROJECTIVE GEOMETRY

The fellewing study wes based en the text A Mederm Intreduestiem
te Geemetries by Ammita Tuller, Asseeiate Prefesser of Mathematies
Hukter Cellege., The astudy eemszisted of preblem selvimg at the end
of each teple studied. Therefere, this paper centains a brief summ-
ary of the teples cevered follcwéd by the problems selved with theip
respeetive drawings. Ne attempt is made te imelude all ef the
?theorens, attioms, er definitiens neeessary te selve the preblems but
page referemces are given te refer te the text, |

Geemetrie preperties are slassified imte twe sategeries: metrie
preperties, whieh are these coenecrmed with measurements of distanees,
angles, nnd>areas, and deseriptive preperties, those cenecermed with the
peaitiensl relatiens of geometrie figures te oke another. Deseriptive
prepertiea are preserved im plame figures whem s figure is pre-
jeéted frem one plane ente amether while metrie preperties may not
be preserved,

Prejective geemetry wam develeped as em extemsiem ef Euelidean
geemetry, keeping the parallel pestulate ard adding & line te centain
the ideal peimts. Twe parallel limes had & umique ideal peint and
intersecting linepchad twe differemt ideal peints. Later, prejeetive
geemetry was seem te be imdepemdemt eof the theory of parallels and
develeped as an abstraet selemece with 1ts ewn set ef axiems.

The firat tepie semszidered imvelved the axiome eof imeidemee and

the primeiple of duality. Whem a peimt amd a lihe are ineldeat the



peint lies en the line, Pelrts imcident withk the ssme line are
eollinear, or lines ineidemt with the same peint are Geneurrent.

The next tepic wag the Desarguesiam prejective plane amd dis-
cusged axiems and theorems conecermed with Desargueses werk.
Harmenlie setez are thern discussed giving the definitiens ef a quadrangle,
diagenal peints, diagensl lires and the disgenal triangle of a
quadrangle, Perspectivities aad prejectivitiss ecemprise the study
fer the preblems fellewing harmenie sets amd last is the net eof

raticrnality.



FROBLEMS

#1. pge. 36. Exereise 1,
Skew that the feur axiems of ineldencee ars eocnsistent.

Refer te drawimg 1. Axiom 1: There exists a peint P and a lime a that
are ot imsidemt., Axlem 2: Every lime a is imcldent with at least
three peimts A, B, C, Axiem 33 Amy twe distimet peints A, B afe
iseldent with ene and emly one line a, Axiom 4: Any two distinet limes
a2, b are ineident with at least ene peint B.

#2. pg. 37. Exersise L.

Skew tkat ik a prejestive plame there exist four peints A, B,

C, D, ne three of whi;h sre eellincar. Refer te drgwing 2. and
Theorem 3.22 whieh says sach peirt 1s ineident witk at least three
lines.

#3. pg 37. Exereise 7.

‘Write duals ef the fellewimg: (a) Three men-ecllinear peinte
A,B,C and the three limes a,b,e¢ determined by them. Dual Three
nencensurrent lines a, b, ¢ and the peimts A,B,C determimed by them,
Refer te drawimg 3., (b) Feur peints, A, B, C, D, ne three of whish
are oollinear,Aand the six lines determimed by them. Dual Feur lines
a,b,e,d, ne three of which are eensurrent and the six peints &4, B,

C, D, E, F determined by them., Refer te drtging be
#4. pg. 38. Exereise 2,

Censtrust a 13-peint fimite prejestive plane and shew that
axiom 5 is verified, Axiem 5: If twe triamglés are perspeetive
frem a peimt, ther they are perspective frem a 1in6. Refer to draw-

lag 5. Triaaghe BCK and triasgls EFH are perspestive from C and
lime BH,









#5. pg. 39. Exereiss 5,

Justify the fellewimg imstruetisns fer the eomstruetion of a
lime jeimimg a givem peint Q te the inaceessible peint of imterssetien
P of two given limes a2 and Db. |

Let O be ar arbitrary peint and P1s P25 By be three arbitrary
limes through O. Let a°py = A, bepy = A', aepp = B, bep, = B',

AQep3 = €, A'Qep3 = C', and BC+B'C' = R. Them the required line is QR.
' Refer te drawimg 6. The triamgles A'B'C', and ABC are perspeetive
frem O b y eomstruetien, and therefere perspsetive from a lime by
Axiem 5 or Desarguea' Theorem. Therefers, the imaceessible point ef
imterseetion P of limes a,b, lies en the line RQ.

#6. pg. 43, Exereise 1.

Show that if ABC ia the diagemal triamgle of a quadramgle PQRS
and if X = BC+QR, Y = CA.RP, Z = AB.FQ, thea X,Y,Z are eellinear.
Refer te drawing 7. Triangles ABC and PQR are perspeetive frem piiat
S, and by Axiem 5 they are perspeetive frem lime 2,X,Y{

#1. pg; 43. Exereise 2, '

State the dual ef exereise 1 and make g frawieg fer eiah.

Skow that if ABC is the diagemal triangle ef quadrangle PQRS and if
X = BC+QR, Y = CA+RP, Z = AB+PQ, thon X,Y,Z, are @ellinear.

Dusl OShew that if the jein ef abe forms the diagomal triamgle ef
quadrilateral pqre and if x = be.q¥, ¥y = easrp, z = abepq, them x,y,2
are gemeurrent, Refer to drawimgs 7 amd 8,

#8. pg. 43. Exerelse 3, _

Given the diagemal itrismgle amd ome vertex ef a quadrangle, eens-
truet the esmplete qu.dranglé. Is it umique? Refer te drawing 9.

Draw a triamgle and a peimt angwhere. Gemncet the vertises and the
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paint.with limes. Piek amother pelnt om aﬁy of these limes and eomneet
it te the vertlees. The imterseetiems are the other peimta. Ne the
quadrulgls is met umique,

#9. pg. 43. Exereiye 4.

Define a harmenie set of limes and eomstruet a lime d suek that
H(a,b,d,d) when three cemeurreat limes a,b,e are given. .

Feur cemeurrent limes a,b,e,d are said te form a harmenie aﬁt irf
there is a quadrilateral of whiek twe eppesite vertiees lie em line
a, twe opboaita fortices lie en lime b and the remaining vertices
lie en @ and d respestively, Refer te drawing,?o. Ths vorti@ea
are A,Ben a, C,Den b, E on ¢ and F en 4,

#10. pg 46. Exereiss 1.

In the prnjeqtivity given in drawinmg 11 shew kow te fimd the
peint X' em p'!' serrespeiding te amy peint X en p. Draw FX amd
label the imterseetiom ea pi Xq. Druw X1Q'and the interssetion on
p' is X',

#11, Pg. 46, Exereilse 2,

Carry eut the eonutruetieﬁ of Theerem 3.53 for a prejestivity
between tve penells of linmes snd fer aprejeetivity betweém g pemsil
of peints and a pemell of limes. Theerem 3.53: A prejeetivity may
be set up whemever thers are three distinmet elonentu'of exe pemell and
the eerrespending three elements of amother ardé givem., Refer te draw-
ing %2,

#12, pg. 4L6. Exercise 3,

Let aq, a5, . . and by, by, . . be twe pemeils ef lines through

the peiwts A amd B reaspedtively, such that aqA bs. Let p be a line

net eontaining A or B and let ayep = Pj and byep = Q4. Show that P4A Q1.
Refer te drawimg 13,
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#13. pg. 46. Exereisze /.,

Let a,b,e be three eemeurreat lines and P,Q twe peints mot en
sny of them, Let A1, Ap . . and By, By . . . be peneils of peints en
a and b respeetively, sueh that AiP-BiQ = 04 where Cy 1s en line C.
_ Show that Ay/BB;. Refer te drawing 14. Aghg % C4Cz ‘% BB, .
Therefore, A1A,A BiBo.
#14. pg. L7. Exereise 15,

Skew that ABDABAD RDBA, Refer te drawing 15.

ABD % DFD ,% GED ; BAD, Phérsfesié, ABD ABAD.

#1k. pg. 53. Exereise 1,

Given 0, 1,90 somstruet 342, 1/3, 2/3. Refer te drawing 16.
Cheese three arbitrary peints as referemee points ex the projeotive
Pine p. Assign them the values O and 1 and the third the synbollb;
Let q and r be twe distimet lines throeugk oo éther tham p. Let A
be a poin£ on r. Jeim A te peint 1 and let Qq be interaeoﬁinn of
this lime with g. Joim 1 te peint O and let B be the imtersestiem of
thie lime with r. Jeim B te peinmt 1 and let Q2 be the imtersestion of
this 1ine with q. Ther the peimt 2 is the peim peAQsr. Jein B te 2
and let QB be the peiat ef imterseestien ef this linme with q. }Then
peint 3 is the peint peAQ3. For -1 jeinm A te O and let §_i be the
peint of imterseetism ef this lime with q. Them peimt -1 1s the peint
p*BQy. To fiand 1/2 eemstruet the H(1,-1,2,1/2) o& fellews. Civen
lines AQ and Mﬂ. take polat Q. Let 2Q imterseet AQ at & and -1Qq
interseet A&' at R, Let -“IA-'IQA = S, Then the required peimt 1/2 =

R8ep. Te find 1/3 eenstruet H(1,-1,3,1/3). Givem 1,-1,3 censtruet



Drawin/g [5.



1/3 as fellevs. Givem AQ and @@, take poimt Qg. Let 3&1.1-,@.«'1-,
AQ at T and -1Q4 imterseet Aihut R. Let -1T « 1Qq =M. Then the
required peist 1/3 = RMep. Te find 2/3 use the peimts 0, 1/3, oo
88 the three startimg peimts im plase of 0, 1,w< and preseed as for

peiet 2 abeve.
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