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the ratio of half the perimetern 2o the height 3 [./7.3

The next attempts 2o compute the value of T were often cast in
the allied form of squaring the cincle, The Rhind Papyrus of about
1700 B.C, provided a perfect example in A'h Mose's injunction 2o "cut
one-nineth off #he diameter and construct a squane on it; its anea will
be equal 2o that of the cincle,” In other wonds, W is there declaned
1o be (4/3)* on 3.1605, @ moat respectable value-~one that is way-ahead,
no only of Sodomon's unwisdomly #hnee, but mone impressively of he
approximation used by competent Roman engineens some sixity generations
laten,” |

Next comes a dong rodl of Greek mathematicians who attacked the
problem of Jr . Whethen the reseanches of the the members of the lonian
Schood, the Pythagonians, Anagagoras, Hippias, Antipha, and Bryso ded
2o numenical approximations fon the value of W is doubtfud, and thein
Lnvestigations are very unclean. The quadnature of certain dunes by
hippocrates of (hivs ia ingenious and comnect, but a value of T cannot
be thence deduced; and it seems Likely that the later memberns of the
Athenian Schood concentrated thein effornts on othen questions, [# i
probable that fuclid, #he illustriows founden of the Alexandnian Schood,
was aware that M was greater than three and dess than four, but he did
not sdate the nesult @cpli.ciielyﬁ

The Linst scientific attempt to compute T seems #v be that of

350/Leple/z, Herman (., Mathematics Magazine, 23 (January~February,

1950/,
udgeman., No 7., "Circumetrics,” Scientific Monthly, 77 ( Judy,

4953/, 31-5

5[3@(%& ’1/ W, Rowse ﬂb,tﬁezm;&_ca,( Recreations and Fosays, New
i
York: The Compzmg, 1747, 18 . G ’




Arnchimedes. In his book Measunement of the (incle, Anchimedes presents
three propositions suggesting the value of 7r C e proves firet that
the area of a cincle is equal to that of a rnight triangle having the
dength of the circumference for its base, and he nadius fon its alti-
tude, In this he asoumes that there exisits a otraight line equal in
dength o the circumfenence--an assumption objected fo by some ancient
critics, on the ground that it is not evident that a sitraight line can
equal a cunved one, The finding of such a line was the next problem,
He Linst finds muppe/zlbnd 2o the natio of the circumference o the
diameter, on 75 . To do this, he starts with an equilateral #niangle of
which the bade is a Zangent and #he ventex is the centre of the cincle,
By successively bisecting the angle at the centre, by comparing ratios,
and by taking the inrational squane nwoi always a Little Foo smadl, he
Linally arnived at the conclusion that T = 3 1/7. Next he finds a
dowen Limit by inscribing in the cirncle negulan polygons of 6, (2, 24,
48, 96 sides, fLinding fon each successive polygon its perimeter, which is
always less than the cincumference, Thus he finally concludes that "the
cincumfenence of a circle exceeds three times its diameter by a part
which is dess than 1/7 but mone than 10/71 of the diameten."”

Hero of Alexandria gave the value #hnee, butihe quoted the nesult
22/7:  posaibly the former number was intended only fon rough approxi-
ma;fi.on.(?

6/3@(1., W, W, Rowse, A Shont Account of the Histony of Mathematics,
Vew Yonk: The Macmillan (ompany, 192%, 522 pp.

Cajeni, Flonian, A liistony of Nathematics, New York: The
Maemillan (ompany, (919, 5/% pp.

88011, op. cit, (5).




Podemy (c.150) seems 2o have taken the Anchimedean Limits and 4o have
expressed them in sexagesimils obiaining substantially 3 1/7 = 3°8! . 28"
and 3 10/71 = °8'27.04". He then improved upon the mean betveen these
results by taking 308'_30” as the approximate value of T, although a
2till closer approximation is 3°8'29,73355", Since 3°8'30" = 3.14(6,

his result was veny Aa,tix.ijfado/zy.(’) This nepresents an ennon of noughtly
25 parts per midlion, equivalent o about two-ihirds of a midl in the
circumference of the eanth, and it prompts the question of why has it
ultra-nefinement been g0 gealowsly punsued through the ages that followed?
An adeguate anaver could not be attempted here; it is oo complec; but
it may be noted that the guestim is bound up with the scholastic inten-
negnum of the Dark Ages, with the weaknesses of communicationa, with ithe
beliel that T was a sont of philosophen’s atone of mathematics, and even
with the opirit that sends men 2o the Zoid of Mount fvenest, The inter-
negrum meant a vertual cessation of T work in the West fon noughly one
thousand yearns; and the communication weaknesses linked up with the for-
midable linguistic diffenence between cultures that obscured from eveny-
one, untid companatively necently, he pi-istic contributions of the Far
Cast, Additionally, the all #oo common Asiatic inclination 4o fuse science
and Hody Wnit, and the twisting of expression %o meet the demands of
vernsilicgtion-~especially in India—-combined #o fuzz the picture, [oday
however, there is buRly Literatune on the topic from which several will
be mentioned, Fon example, in A.0. 479, Tau Tung (hih put forward the
{raction 355/113, which is connect o aix decimid places (uhich was

VSiith, 0. E., History of Mathendtics, New York: Dover Publications,
(953, 735 pp.
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exponted to Japan, and was o funn up in sixteenth century Europe in the
wnitings of Otho and Metuis). A hundned yeans later Anya Bhata the
Edden' s work with polygons ded o the necipe "add 4 4o 100, multiply by
8, add 62,000, and the nesult is the gircunference of a cincle of diameten
20,000," which implies T = 3.1416."C Brahmagupta (¢.628) criticized
Arya Bhata fon taking the circumfenence as:.3393 fon both diameters [0S0
and (050, which would make Tr either 3 17/120 on 3 81/350, that is 3. 1416
or 3.231%. A centain astronomer, Pulisa, o uhom Brahmgupta nefenred
gave 3 177/1250, which is 3.(8%, and Bhaskara (c.1150) wsed 3927/1250
for the "nearn” value and 22/7 in finding the "gross circumference adapted
Zo practice," the former being he same as the value 3 (77/1250 of Pulisa,

The (hinese found vanious values of T, but #he methods employed
by the early calculatons are unknown, The value 3 was wsed probably as
eanly as the twelfth centuny B.(. and is given in the (hou-pei and the
Vine Sections, (h'ang Hong wsed {0, and Wang Fan waed 142/%45, which is
equivalent Zo 3,1555... Lui Hui gave the firat intimation of #he method
woed by the (hinese in finding the value, He began with a regular
inacribed hexagon, doubles the numben of sides repeatedly, and asserts
that "if proceeding until the process of doubling can no dongen condinue,
the perimeter ultimately comes #o coincide with the cincle.”

The Japanese did no notemorthy work in the field until the seven-
teenith century, They then developed a hind of native calawlus and also
made wse of Eunopean methods uhich gave them fain approximations o the
requined natio, !

During #he following yeans an approximate value of 77 was obiained

/0§/z,£d9eman, op. cit,
! Smith, op. cit,
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expenimentally by the theony of probability. [+ was during this pe/z;i_od
that (omite de Buffon devised his famous needle problem by uwhich he
determined T . Suppose a rumber of parallel lines, distance (a) apani,
are muded on a horizontal plane, and suppose a homogeneows uniform nod
of dength L -a is dropped at random onto the plane. Buffon showed that
the probability that the rod will fall across one of the lines in the -
plane is given by p=2l/ -a. By actually peaforming #his experiment a
géven dange number of times ard noting the number of successful cases,
thua obiaining an empirical value for p, the above formula may be wsed
2o compute T . The best readt obtained in this way was given by the
[talian, Lagzerini, in (90/, From ondy 08 #osses of the rod he found
7 conrect o 6 decimal places, His neoudt is 40 much better than #hose
obiained by other experimenters that it is sometimes neganded with
duapicion, 2

Other simidar methods of approximating the value of 17 were
developed, Fon instance, it is known that if Zwo rumbers a/:.é unitten
down. at random, the probability that they will be prime #o each oihen .is
6/ %, Thus, in one case uhere each of 50 students wnote doun five pairs
of numbers at random, (5% of the pairs wene found Zo consist of numbens
prine 4o each other. This gives 6/m° = 154/250, from which 7 = 3,12,
e PRevading much early apeculation and measunement is the belief that
T 40 a rationad quantity, that it can be exactly rendered as a vulgar
fraction, The Greeks were fully awane of the concept of inrational
quantities, test Pythagona's celebrated proof of the innationality of Y2,

‘2 ves, Howard, An Introduction #o the Hiostony of MNathematics, New
York: Holt, Rinehard, ard Winiion.

/330/(,(, op. cit, (5).




but it was ot until 1762 that 7y was put into that categony by Lambert
(and #hinty-thnee years later Legendne made the impongant extension o
™ 2}, and. even those who felt in thein bones that a simple {raction was
unrealizable could not be blamed for putting their money on some not oo
cumbrous expression that would be 17 . Such as, fon instance, Kochanshy's
T4 w (3 - V73 yickding 3.14153, and Specht's 1/10] Y706 x 13/50 uhich
is connect o founteen decimla,

An impordant tranaition in pi~valuation ook place duning the

Renaissance, namely, the neplacement of polygonning by the setting up of
infinite sernies that could be calculated o whatever degree of accuracy
a man cared to give his time, Probably the finst formilation was 3/T0 =
12/2+Y2/2 " Y2487 2... Vevertheleas, polygon devotees throve for dong
enough afteruwards, Ludodph van (eulen, fon example, began about the time
of Vieta's discovery #o day aside all other activities o make piiferous
polygonning a full-time occupation. By the tunn of the centuny he had
established 20 decimal places. When he died in (610 the number was thinty-
tive places, which value of T was inscribed on his tombstone at Leyden,
In 1630 Grienbergen published the thinty~nine places of 7 he had sweated
out using a simplen process than van (ewlen's. His was the last effont of
rote. The seventeenth centupy witnessed the devedppmant of convengent
infinite series and fractions. Gregony and Leibniz evolved the series

/.= ///2+32} / /2+5‘?} / /2+7‘2// that was laten o become the basis
of modenn. rapiddy convenging series,"

The fLirst analytical exprnession discovered in the seventeenth

centuny is the infinite product /2 =2/1* 2/3 " W3+ 45 6/5...

Mgu'dgemm, op. cit,
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dn conguncition with certain ancian relations. Only nine of these aelations
have been employed #o any exitent in such computations, We shall now con~
adden these formulas, arranged acconding Zo the increasing precision of
the approximation computed by their use,

I. /% = 5 arctan /7 + 2 anctan 3/79

Cudern in 1755 wsed this relation in conjunction with his series fon
arcian x 4o compute T cornnect o 20 decimal places in one hour, DBaron
Geong von Vega in [79% employed Gregony's series and he preceding ne-
dation #o evaluate T to (40 decimal places, of which the Linot |36 were
conrect, This precision was exceeded by that attained by an unknown
calculaton whose marwscnipt, containing an approximation conrect o (52
places, was seen in the Radcliffe Library at Oxfond toward the close of the
[82h centuny.

II. /% = anctan 1/5 - anctan 1/70 + anctan 1/99

Eulen published his nelation in (764, [# was wsed by Hilliam
Ruthenfond in 1841 o compute U to 208 places (152 comnect).

I, /h = anctan 1/2 + arctan 1/5 + anctan /8

This formda was supplied the calculating prodigy Zacharias Jahse
by L. K. Schuly von Strasanitshy of Vienna, Vithin a period of 2 months
in 184 Dahse thereby evaluited T connect 4o 200 places,

W, T/k = arctan 1/2 + anctan 1/3

Finat published by (harles Hutton in 1776, #his relation was wsed
by V. Lehmann of Poadam 2o compute Tr o 26/ decimals in (853, Tseng
(hi-tung in 1877 wsed the same formula o evaluate M %o [00 decimals in
a Little more than a month.,

V. /4 = 2 anctan /4 + anctan 1/7



[0

The relation was also published by Hutiton in 776y and indepen-
dently by fulen in (779, Vega wsed it in 1789 %o compute [43 decimals
(126 conrect), In onder #o remove the uncertainity cauwsed by the dis-
“clepant approximation of Rutherford and Dahse, Thomas (lawsen extended
the caladation to 248 connect decimals in 1847, and Lehman nreached 26/
decimads in 1853 by this formuda, confirming his independ calculation of
T Ao the same extent by nelation IV, (dgan Frisby in Washington, D.(.,
used relation V in conjunction with Eulen's senies #o compute Tr o 30
places in 1872, 5

In 1882 Lindemann, proved Tr o be #ranscendental, #hus destroying
forever the dast sdim hope of those who would square the cincle, A
number which Lo not algebraic is transcendal, that is one which satisfics
no algebraic equation with complex number coefficients, which is exactly
what mathematicians for centunies had been proving about pi.'C |

In 1897, at which time the people fo the lnited States were alneady
displaying their abilities in the various sciences, a bill was introduced
in the legislaturne of the siate of Indiana #o set the value of 77 equal v
a simple, easily managed, fraction, The bill was not written by a madman,
on a dunatic, on an onganization of foneign spies, The bill was wnitten
by a country medical docton who fancied himself somewhat of a mathematician,
So the bill was unitten, suggesting several different simple (but
inconrect) nelationships between the area of a cincle, the cincumfenence

Onench, 9. W., "The Evolution of Extended Deciml Appoximations
2o Pi, " Schood Science and Math, GO (Mg, 1960), 348-350.

"(6[3&6(, Mathematics Queen and Servanit of Science, ‘ew Yonk:
Me=Grauw-Hill Book (ompany, (951.
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dn congunction with the next formuda forn the caladation of 7r o many
Ligures, G. £ Felton on Manch 31, 1957 completed a calculation of 77
2o 1002/ places on a Pegasus computer at the Ferraniti (omputen (entre in
London, This nequired 33 hourns of computer time. The nesult was pub-
dished 2o 10000 places, A check caladation wsing formuda VIII nevealed
that, because of a machine enron, this resudt was inconrect after 7480
decimad places,

Gawss invuiéga;ée;i the denivation of anctan relations and neduced
it 2o a problem in Diophantine analysis. Relation VIII is one of several
formudas he developed, §. P. Balkantine subotantiated Lehmer's claim
that this formuda is especially effective fon extensive calculation, by
discussing its wse in conjunction with Eulen's series for the anctan, |

VIII. 77 /% = 12 anctan 1/18 + 8 anctan 1/57 - 5 anctan 1/239

Felton cannied out a second calculation #o 1002/ places, and by
May [, 1958 had removed all discrepancies from his nesults, o that the
approximation computed from formudas VII and VIII agreen to within three
units in the 1002/s% decimal place, The conrected nesult nemains un-
published,

IX. 10/ = 4 arnctan 1/5 - anctan 1/239

This io the mos celebrated of all the nelations of this Ring.
Gohn Machin, its discovener, computed 7 conrect to (00 decimals by means
of it in con?{unctwa with Gregony's senies and the nesudt appeared in
1706, (lawsen in 1847 wsed #his nelation in addition #o Hutton's formula
V 4o compute T conrect o 248 decimal places, as has already been noted.

Ruthernfond nesumed his caledation of I in 1852, using Machin's
Lormda this time, as did his fommen pupil William Shanks, ShanRk's [irnst
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In Decemben (945, Professon R. (. Anchibald suggested that the
witen undentake the computation of 70 by Machin's formida in onden o
provide an independent check of the accuracy of Fenguson's caleulationa,
With the collaboration of Levi B. Smith, who evaluated anctan /239 4o
820 places, the wniten computed I #o 8§18 places by Februany 1947, wsing
a desk caledator. The resudt was published 2o 808 places in Apnid
1947, and was verified #o 710 places by Ferguson in a note published
concuwnently, The Limit of 808 places was chosen o probide precision
comparable #o that obtained by P. Pedusen in his approximation of 7.

Collation of #his 808 place approximation with the nesults obiained
by Ferguson dater that year nevealed several ennoneous figunes beyond he
723 place in the wniten's approximation Zo anctan /5. These ernons
vitiated the conresponding figunes in the approximation of 7r . (orrections
of these emrons and extensions of Fenguson's nesults appeared in a joint
papen by Ferguson and the wnitern in Januany (948, which concluded with an
808 place approximation of T of quaranted accuracy.

Subsequently, Smith and the wniten nesumed thein calawdations and
by June 1949 had obained an approximation to about 1120 places. Before
final checking of this extension could be completed, ihe EVIA at he
Ballistic Researnch Laboratonies, Aberdeen Proving Ground, was employed by
Geonge W, Rutiviesner and his associates in September (949 %o evaluate
to about 2037 places in a total of 70 hours. Machin's formla was also
used in this computation.

In Novembern 1954, Smith and the wnitern extended theirn calcdations
to 1150 places and. in Januany 1956 neverted to #his uonk once mone 4o
attain their Linal nesult, which was terminated at 1160 places, of which
the Linot 1157 agree with EVIAL.






Jecte (ontributon
3000 B.(. Pyramid.s
2000 B.(.  Rhind Papyrus
950 B.(.  Bible
240 B.(. Anchimedes
100 B.C.  Heron
20 B.(. Vitruviws
25 A0, Luis Haiao
97 A.C. Sextus Guliva Frontinus
125 A0, (hlang flong
/50 /‘l.[). ?z‘olemy,
250 A.D. Hang. Fan
263 A0, Lui Hui
450 o :
480 Tau (h'ung-chih
500 ¢ Anya-Bhata
505 Varahamihina Pancha Siddhantika
530  Baudhayana
628 Beahmagupta
825 al-Khowanizmi
8§50  Mahavira
/150 Bhaskara
220  Leonando Pisano
(260 Johannes (ampaneno

1430

CONTRIBUTORS TO THE VALUE OF PI

Al Kashi

Yation

Coypt
Coypt
Hebrew

Greek

Alexand/u';;
Ltaly
(hina
(hina
C/u'na
Alexandria
(hina
(hina
(hina
(hina

India

India
India
India

Anabia

India
India

Italy
Itady

Pensia

Value

31/7

16/9

J

between 3 40/7/ &

31/7

31/7 on 3

31/8

3.06

3 1/7

Y7o~

3 17/120

142/45

157/50

31432

between 3, 1415926 &

301415927

between 3.177/1250 &
62832/20000

Y70~

49/16

22/7

22/7, Y10,
62832/20000

Yo

3927/1250, 22/7, V0,

- 754/240

1440/458

22/7

3. 14159265358987 32
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