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A BRIEF STUDY OF TOPOLOGY

Topology is the study of topological properties of
figures--those properties which do not change under "elastic"
motion, A figure may be theoretically stretched, twisted,
bent, or cut and tied in a knbt. The main restriction on
such operations is that distinct points remain distinct;
two points cannot be made to converge into one point,

Topology 1s generally divided into two branches:
set topology and algebraic topology. This division 1is
mostly a matter of convenience rather than of logic; however,
there is much overlapping between the two branches, Set
topology discusses the nature of a topological space, the
properties of sets of points, the definitions of limits and
continuity, the special properties of metric spaces, and
questions concerning separation and connectedness, Algebraic
topology deals with gfoups which are defined on a space,
their structure and invariants, Its most important sub-
divisions are the theories of homology and homotopy.

One of the properties studied in this branch of math-
ematics is the group property. A group (which is not synon-
ymous with a set) consists of a set and an operation performed

on that set, such as the operation of addition performed on

the set of real numbers. In order for such & combinatlon to
be called a group, the following criteria must be met:



1) the answer obtained when the operation 1is
performed on members of the set must also be a
member of the set.

2) the associative property must hold:
f(gh) = (fg)h

3) the set must contain an identity element

4) the set must contain the inverse of each
element,

The term "abelian®" is used to describe a group if it
is commutative. Groups which are definitely not commutative
are termed "nonabelian,"”

A subgroup of a group is a subset (of the original set)
which 1is closed under multiplication and inversion,

Another property studied is that of a morphism (or
homomorphism). A function is called a morphism of it pre-
serves products, that is if f(g1g2) = f(gl)f(gz). A
morphism is epic if the function is onto, which means that
the image of the function 1s equal to the range of the
function, A morphism is monic if it 1s a one-to-one corre-

spondence function., An isomorphism is a morphism which is

both epic and monic,

| The properties of metric spaces are also important to
the study of topology. A metric space consists of a set,
M, together with a distance function, d, such that

d: M x M—»R with all x, y, and z members of M. The restric-

tions on metric spaces are:

1) d(X.y)"O
if and only if x =y

3; e A R T
d(x, z ) = da(x ,y) + d(y,z)



3
A topological space is sald to be connected if, and only
i1f, it 1s not the union of two nonempty disjoint sets. An
equivalent definition is as follows: A topological space X
is connected if, and only if, X and the null set are the only
subsets of X which are both open and closed.. Two points in

X are saild to be connected if, and only' if, there is a con-

nected subset of X which contains both of them. If a space
is not connected, it separates into.a .number of components
each of which 18 connected and is not contained in any other
connected subset. A space X is sald to be locally connected
at a point x of X if every open set U containing x contains
an open, connected set V of which x 1s an element, If X 1is
a locally connected Gausdorff space, then all components of
open sets are open, X 1s called arcwise connected if every
two points of X can be jolned by an arc lying in X. If X is
a metric space which is locally compact, connected, and
locally connected, then it is arcwise connected.

Although topology 1s now conslidered to be a branch of
pure mathematics, its early development came in connection
with problems in physics. Gustav Robert Kirchhoff (1847)
developed the theory of linear graphs in connection with his
study of electrical networks. James Clerk Maxwell (1873)
made contributions to the theory of connectivity in his work

on electromagnetic field theory. Henrl Poincare (1895) laid
the foundations of algebraic topology while working on pro-

blems in celestial mechanics, In the mid-twentieth century,



n

topological ideas are of great importance in the development
of modern function theory, in theorlies of nonlinear differ-
ential equations, in differential geometry, and in dynamics.
Topology is thus an indispensable tool of the modern mathe-

matician, pure or applied.
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